The implementation of holonomic quantum computation on superconducting quantum circuits is challenging due to the general requirement of controllable complicated coupling between multilevel systems. Here we solve this problem by proposing a scalable circuit QED lattice with simple realization of a universal set of nonadiabatic holonomic quantum gates. Compared with the existing proposals, we can achieve both the single and two logical qubit gates in an tunable and all-resonant way through a hybrid transmon-transmission-line encoding of the logical qubits in the decoherence-free subspaces. This distinct advantage thus leads to quantum gates with very fast speeds and consequently very high fidelities. Therefore, our scheme paves a promising way towards the practical realization of high-fidelity nonadiabatic holonomic quantum computation.
I. INTRODUCTION
Quantum computation requires a scalable quantum system that can support a universal set of quantum gates. Being an on-chip implementation, the superconducting quantum circuit (SQC) [1, 2] fulfills the scalable criteria but suffers severely from its environmental fluctuations, which hinder the performance of quantum gates. On the other hand, it is well known that geometric phases and holonomies are largely insensitive to certain local noises as they depend only on the global properties of their cyclical evolution paths. Therefore, holonomic quantum computation (HQC), which exploits the non-Abelian quantum holonomies, has emerged as a promising way towards robust quantum computation [3] [4] [5] [6] [7] [8] [9] . As the adiabatic geometric phases demand the adiabatic condition and thus the gate times on the same level of coherence times in typical quantum systems [10, 11] , recently, increased theoretical and experimental effort has been attracted by non-adiabatic HQC [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
However, the realization of nonadiabatic HQC in SQC is far from trivial. Up to now, only single-qubit HQC gates have been experimentally demonstrated [14] . Various schemes have been proposed to implement the two-qubit HQC gates, in which one usually needs controllable interaction between addressable multilevel (at least three) systems, and the resulting two-qubit gates are realized in a dispersive manner [5, 12] . On the other hand, the anharmonicity of superconducting qubits has been lowered in recent experiments to gain the robustness against 1/f noises, limiting the coupling strengths that one can exploit [14, 26] . The required complicated circuit implementation and the relatively slow setup are thus a main obstacle for the realization of holonomic two-qubit gates and consequently the demonstration of universal HQC. * zyxue@scnu.edu.cn † jianzhou8627@163.com ‡ huyong@mail.hust.edu.cn
Here we propose a practical scheme for nonadiabatic HQC on a circuit QED lattice. In our scheme, the logical qubit is encoded in a decoherence-free subspace (DFS) [27] consisting of two transmission-line resonators (TLRs) commonly coupled to a transmon [28] . The distinct merit of our scheme is that such exotic encoding involves only the lowest two levels of the transmon qubit and can result in universal HQC with all-resonant interactions among the involved elements, leading to fast and high-fidelity universal quantum gates in a very simple setup. In particular, we can obtain a tunable resonant interaction between the transmon and each of the two TLRs through proper ac driving of the transmon, resulting in arbitrary single logical qubit operation. More importantly, for the nontrivial two logical qubit gate, we only need resonant interactions among three TLRs from the two logical qubits, which can be induced by a common grounding superconducting quantum interference device (SQUID) with ac magnetic modulation. Requiring only the current level of technique, our scheme can be immediately tested in experiments and therefore opens up the possibility of realizing universal HQC.
II. SINGLE QUBIT GATES

A. The setup and effective Hamiltonian
The setup we consider is a scalable circuit QED lattice depicted in Fig. 1 , where the TLRs with different frequencies are denoted by the circles with different colors, the transmon qubits are labeled by the squares, and the capacitive transmon-TLR and inductive TLR-TLR couplings are represented by the solid and dashed bonds, respectively. The logical qubit in our scheme is encoded in the DFS built by two TLRs coupled with a transmon qubit [29] , labeled by the ellipse in Fig. 1(a) and described by
with λ 1 = g J 2 1 (α 1 ) + J 2 0 (α 1 ) and tan(θ/2) = J 1 (α 1 )/J 0 (α 1 ). Equation (7) thus establishes in S 1 a Λ-type Hamiltonian from which an arbitrary single-qubit holonomic quantum gate can be resonantly achieved. This can be illustrated in the dressed-state representation where the two lowest states of this three-level system are 
there is no transition between the two time-dependent states, i.e., the evolution satisfies the parallel-transport condition. Therefore, the evolution operator
can realize the holonomic operations under the above two conditions. Such evolution can be represented in the subspace span {|0 L , |1 L } by
with θ and φ being parameters independently tunable by the ac driving of the transmon qubit, and thus indicates the implementation of universal single-qubit gates.
C. Numerical simulation
The decoherence process in SQC accompanies the described implementation unavoidably, and understanding its effects is crucial for our scheme. The performance of singlequbit gates is numerically evaluated by the Lindblad master equation,
where ρ 1 is the density matrix of the logic qubit,
A is the Lindbladian of the operator A, and κ, γ, and γ ϕ are the decay rates of the two TLRs, and the relaxation and dephasing rates of the transmon, respectively. For demonstration purposes, we have used in the following a conservative set of experimental parameters. The energy splitting of the transmon and the frequencies of the two TLRs are chosen as ω q /2π = 6 GHz, ω c,1 /2π = 6.5GHz, and ω c,2 /2π = 6.75 GHz, which result in ∆ 1 /2π = 0.5 GHz and ∆ 2 = 1.5∆ 1 . For the Hadamard gate, we set
For the NOT gate, our setting is changed to α [1] , and here we set κ = γ = γ φ = 2π × 10kHz. Here we choose the Hadamard and the NOT gates as two typical examples which correspond to identical ϕ = 0 with θ H = π/4 and θ N = π/2 respectively. For an initial state |ψ i = cos θ i |0 L + sin θ i |1 L of the logical qubit, the Hadamard and the NOT gates should result in the ideal final states |ψ H = [(cos
To take systematic errors occurring for any input state into account, we exploit the process fidelity [31, 32] to characterize the gate performance, which is defined as Fig.  2 demonstrated that the highest fidelities can be achieved that are F H = 99.68% and F N = 99.57%, respectively.
It should be emphasized that we have already included in our simulation the fast-varying term in Eq. (6) . Its contribution is at the level of ±0.01%, which in turn verifies the validity of Eq. (5). Meanwhile, the influence from the higherenergy levels of the transmon qubit is estimated to be comparable to that of Eq. (6), and thus can also be safely neglected. In addition, the two-tone modulation in Eq. (2) is inevitably accompanied by higher harmonics in the qubit frequency modulation. However, we can find out from the derivation of Eq. (5) that the higher harmonics can only introduce fast-varying terms with the lowest frequency being 2∆, and its contribution is thus even smaller than that of Eq. (6). Finally, for the counter-rotating terms in Eq. (1), g/{ω q , ω c,1 , ω c,2 } < 1/240, the contribution of which is much smaller than that of Eq. (6) . A similar analysis applies also to the latter situation of realizing two-qubit gates.
III. NONTRIVIAL TWO-QUBIT GATES
We next turn to investigate the implementation of the nontrivial two-qubit gates. For this two logical qubit situation, we exploit the six-dimensional (6D) DFS S 2 spanned by
where the former and latter three physical states encode the first and second logical qubits, respectively. To obtain a nontrivial two-qubit gate, we need resonant interaction among three TLRs from two logical qubits, i.e., TLR 2 from logical qubit 1 and TLRs 3 and 4 from logical qubit 2, labeled by the blue dashed bonds in Fig. 1(a) . This can be implemented by grounding the involved TLRs at their common end via a SQUID with effective inductance much smaller than those of the TLRs as shown in Fig. 1(b) . The role of the grounding SQUID is to establish the separated photonic TLR modes and to induce the resonant inter-TLR parametric coupling. The small inductance of the grounding SQUID leads to a lowvoltage shortcut for the three TLRs [33] and it is this boundary condition that allows the definition of individual TLR modes on this coupled circuit; see Appendix A. In addition, the effective interaction among the three TLRs can be implemented through the dynamic modulation of the Josephson coupling energy of the grounding SQUID via a two-tone ac magnetic flux Φ ext = Φ dc + 2 m=1 Φ m cos(ω m t + ϕ m ), where Φ dc is the dc bias of the grounding SQUID, and Φ m , ω m , and ϕ m are the amplitudes, frequencies, and initial phases of the modulating tones, respectively.
When Φ m ≪ Φ dc , the resonant parametric coupling between the three TLRs can be obtained in the condition
in the rotating frame where η m ∝ Φ m are the hopping strengths tunable by the two modulating tones, see Appendix B. Meanwhile, in Appendix C, we also estimate the fluctuation of the coupling strength induced by the 1/f noises, which is shown to be negligibly small. Here we use two tones with different frequencies to mediate the two pairs of TLR-TLR coupling independently. Therefore, the two frequencies should be largely separated from each other to avoid unwanted cross talk. We then choose in our scheme ω 1 = 2∆ and ω 2 = 3∆, which in turn determines the parameters of the second logical qubit as ω c,3 /2π = 7.25 GHz, ω c,4 /2π = 7.5 GHz, and ω q,2 = 6.75 GHz. Notice that the other single-qubit gate parameters of the logical qubit 2 remain the same as those of the first one with these settings. In subspace S 2 , H C is reduced to
with λ 2 = η 2 1 + η 2 2 being the effective Rabi frequency, tan(ϑ/2) = η 1 /η 2 , and ϕ = ϕ 1 − ϕ 2 − π. A further inspection shows that H C can be decomposed into two commuting parts, i.e., H C = λ 2 (H a + H b ) with
It is noticed that both H a and H b take the similar form of H eff in Eq. (7), acting nontrivially on their individual computational subspaces span{|10 L , |11 L } and span{|00 L , |01 L }, respectively. Therefore, the holonomic two-qubit logical gate,
can be obtained with parameters ϑ and ϕ tunable by the external two-tone modulation. (Color online) Performance of the two-qubit gate U2(π/4, 0). Process fidelity F2 for U2(π/4, 0) (blue solid line) and state fidelity FE for |ψ
We further verify the performance of the two-qubit gates by taking U 2 (π/4, 0) as an example. Here we set η 1 /2π = 4.14 MHz and η 2 /2π = 10 MHz such that η 1 /η 2 ≃ tan(π/8) and λ 2 /2π = 14.14 MHz. We calculate the state populations and fidelity for an initial state |01 L and obtain the fidelity with its highest being F T = 99.42%. Moreover, similar to the single-qubit case, we calculate the process fidelity
with obtained results approaching 99.42%, as shown in Fig.  3 . Here ρ 2 is the numerically simulated density matrix of the two logical qubit system and |ψ f = U 2 (π/4, 0)|ψ 2 . The obtained fidelity is comparable to that of the single-qubit operations, which is in sharp contrast to the existing implementations and can be interpreted in an intuitive way: Since all the interactions exploited in our scheme are resonant, the effective two-qubit coupling strength λ 2 is of the same order of the single-qubit λ 1 , leading to high-fidelity two-qubit quantum gates. This all-resonant feature is distinct from the previous schemes where two-qubit gates are usually induced by dispersive interactions which leads to longer time durations and lower gate fidelities. In addition, as the U 2 (π/4, 0) gate is an entangling gate, i.e., the ideal final state is a maximum entangled two-qubit state when the initial state is |ψ
we plot the state fidelity of |ψ ′ 2 in Fig.  3 to characterize the entangling nature of this gate, where we can obtain F E = 99.42% and verify that the final state is a nearly maximum entangled state.
IV. DISCUSSION
Our scheme of single-qubit and two-qubits gates can be easily scaled up to facilitate the scalability criteria of quantum computing. As shown in Fig. 1(c) , we can form a 2D array of the logic qubits by placing the TLRs in an interlaced form. Such scaled array involves several SQUIDs which should be controlled by external magnetic flux bias (both the SQUIDs of the transmon qubit and the grounding SQUIDs). Meanwhile, this requirement does not place a hindrance on the future ex-perimental realization of the proposed scheme. In the past decade, the individual flux control has already been achieved in coupled superconducting flux qubits [36, 37] , where several coils have been applied to manipulate the dc and ac magnetic fluxes threaded in neighboring flux qubits with both the loop sizes of the qubits and the distances between the qubits being at the range of micrometers. On the other hand, the spacing between the building elements in our proposal is at the same length scale of the TLRs (millimeters; see the table in Appendix A), which is by several orders larger than the case of the coupled flux qubits. From this point of view, the requirement of individual flux addressing in our scheme is weaker than those of the reported experiments because the larger distance between the SQUID loops indicates smaller cross talk and easier fabrication of the biasing coils. When the scaled-up lattice is taken into consideration, the requirement of controlling many SQUIDs individually leads to more complicated coil setup than that of the few-qubit case. However, the very large spacing between the grounding SQUIDs still offers enough room for the circuit design. One potential solution is that we may add an additional layer of antenna on top of the sample that contains the array of the TLRs. Here we should notice that increasing research interest has recently been attracted by the design of scalable architecture that combines various quantum elements into a complex device without compromising their performance, and a multilayer microwave integrated quantum circuit platform has already been developed to couple a large number of circuit components through controllable channels while suppressing any other interactions [38, 39] . In addition, the parametric coupling method exploited here has been investigated in various recent experiments, where the Hong-Ou-Mandel interference and the synthetic gauge field for the microwave photons in the TLRs have been observed [40, 41] . These experimental advances thus partially verify the feasibility of our scheme.
V. CONCLUSION
In summary, we have proposed to implement universal HQC in DFS on a circuit QED lattice. Through the control of the amplitudes and relative phases of the ac magnetic modulating flux, arbitrary single-and two-qubit gates can be resonantly realized. Such speedup thus pushes the gate fidelities in the presence of decoherence to unprecedented high level. Therefore, our scheme paves a promising way towards the realization of high-fidelity HQC in superconducting circuits.
We begin with the case that only a dc flux bias Φ dc is added. The Lagrangian of the building block can be written as
with c and l being the capacitance and inductance per unit length of the TLRs, α = 2, 3, 4 the label of the three TLRs, L α the length of the αth TLR, C J the capacitance of the SQUID with the effective Josephson energy being E J = E J0 cos(πΦ ext /Φ 0 ) with E J0 being its maximal Josephson energy, Φ ext the external flux bias, and Φ 0 = h/2e the flux quantum. φ 0 = Φ 0 /2π is the reduced flux quantum,
0 /E J is the effective inductance of the SQUID,
is the corresponding node flux distribution, V J (t) is the voltage across the grounding SQUID, and
In deriving Eq. (A2), we have linearized the grounding SQUID as E J cos(φ J /φ 0 ) ≈ −φ 2 J /2L J , which is consistent with the described shortcut boundary condition.
The equation of motion of φ α has the wave equation form, 
The variable separation ansatz φ α (x, t) = m f α,m (x)g m (t) is then exploited, with m = 2, 3, 4 being the index of the eigenmodes. We can obtain f α,m (x) = C α,m sin(k m x) from Eq. (A4), and by inserting f α,m (x) into Eq. (A5), we get
from which f α,m (x) can be solved up to a constant and the typical solution is plotted in Fig. 4 , which indicates the one-toone correspondence between the TLRs and the eigenmodes. In the numerical solution, the parameters are chosen from recent experiments in circuit QED, as listed in Table I . The quantization of the eigenmodes is then straightforward. Through the definition of the creation and annihilation operators,
H 0 can finally be written as
In particular, φ J can be written as
with
/2ω c,m c being the rms node flux fluctuation of the mth mode across the grounding SQUID. With the parameters in Table I , we estimate that
Such small fluctuation of φ J indicates that the eigenmodes can be regarded as the individual λ/2 modes of the TLRs, which are slightly mixed by the grounding SQUID with small but finite inductance; see, also, Fig. 4 . Meanwhile, the small φ m also validate the linearization of the grounding SQUID.
Appendix B: Parametric coupling between the eigenmodes
The parametric coupling between the three eigenmodes originates from the dependence of E J on Φ ext . Assuming that a small ac fraction Φ ac (t) has been added to Φ ext ,
where |Φ ac (t)| ≪ |Φ dc |. As stated in the main text, Φ ac (t) is composed of two tones, Φ ac (t) = Φ 2 cos(3∆t + ϕ 2 ) + Φ 1 cos(2∆t + ϕ 1 ) (B2)
where the 3∆ and 2∆ tones are exploited to induce the 2 ⇔ 4 and 2 ⇔ 3 hopping, respectively. By representing φ J as the form shown in Eq. (A9), we obtain the ac coupling from the second term of Eq. (B1) as
In the rotating frame with respect to H 0 , the induced parametric coupling among the TLRs can be obtained as
and the fast-oscillating terms in e itH0 H ac e −itH0 are omitted due to the rotating-wave approximation. When [Φ 1 , Φ 2 ] = Φ 0 [0.5%, 1.5%], the coupling strengths η 1 /2π = 4.14 MHz and η 2 /2π = 10 MHz can be induced [40, 42, 43, 47] .
We should also note that the modulating frequency of Φ ac (t) must be lower than the plasma frequency of the grounding SQUID ω p = √ 8E C E J [28] , otherwise the internal degrees of freedom of the SQUID will be activated and complex quasiparticle excitations will emerge. This requirement is guaranteed by the very small inductance of the grounding SQUID. With the parameters selected we have the estimation ω p ≈ 2π × 85GHz = 340∆, leading to the effective suppression of the grounding SQUID excitation.
